Introduction
Let I be an interval of real numbers and a, b ∈ I with a < b . If f : I → R is a convex function, then
This result is known in the literature as the Hermite-Hadamard inequality [13] . Such an inequality has received some attention in recent years and many generalizations and extensions can be found in the literature; see [1-12, 14, 15, 19-24] and the references therein.
In [10] , Dragomir and Agarwal established the following result connected with the right part of (1.1).
Theorem 1.1 Let f :I → R be a differentiable mapping onI , a, b ∈I with
is convex on [a, b] , then the following inequality holds: Note that for α = 1, (1.3) reduces to the classical Hermite-Hadamard inequality (1.1).
with α > 0 .
Observe that for α = 1, (1.4) reduces to (1.2).
In this paper, we obtain generalizations of Theorems 1.2 and 1.3 using the generalized fractional integrals introduced recently by Katugampola in [16] .
First we recall some definitions and mathematical preliminaries that will be used in this paper. 5) provided that the integral exists. The right-sided Riemann-Liouville fractional integral 6) provided that the integral exists. Definition 1.5 (see [18, 25] 
provided that the integral exists. The right-sided Hadamard fractional integral 8) provided that the integral exists.
In [16] , Katugampola introduced a new fractional integration that generalizes the Riemann-Liouville and Hadamard fractional integrals into a single form. Definition 1.6 (see [16] 
provided that the integral exists. The generalized right-sided fractional integral
provided that the integral exists.
Similar results hold for right-sided operators as well.
By using an adequate change of variables, we obtain the following identities.
Lemma 1.8 Let α > 0 and ρ > 0 . (i) For x > a , we have
(ii) For x < b , we have
Main results
Let f :I → R be a given function, where a, b ∈I and 0
are well defined. We define the functions
and
We have the following result.
Multiplying both sides of (2.2) by
and integrating over (0, 1) with respect to s , we get
Note we have
Using the identityf
and property (i) in Lemma 1.8, we obtain
As a consequence, we have
Similarly, multiplying both sides of (2.2) by
integrating over (0, 1) with respect to s and using property (ii) in Lemma 1.8, we obtain
By adding the above inequalities (2.3) and (2.4), we get
and the left-hand side of the inequality (2.1) is established.
Since f is convex, for every s ∈ [0, 1], we have
Multiplying both sides of (2.5) by
Similarly, multiplying both sides of (2.5) by
Adding the inequalities (2.6) and (2.7), we obtain
The proof is complete. Letting ρ → 0 + in (2.1) and using property (ii) in Lemma 1.7, we obtain the following Hermite-Hadamard inequality for Hadamard fractional integrals.
Corollary 2.3 Let α > 0 . If f is a convex function, then
For α > 0 and ρ > 0, let Ξ α,ρ : [0, 1] → R be the function defined by
Before stating and proving our next result, we need the following lemma.
Lemma 2.4 Let α > 0 and ρ >
Proof Using integration by parts, we obtain
Similarly, we have
Using (2.9) and (2.10), we obtain
Then we obtain
Finally, (2.8) follows from (2.11), (2.12), and (2.13). 2
Remark 2.5
Letting ρ → 1 in (2.8), we obtain Lemma 2 in [23] .
For α > 0, we introduce the following operator:
Theorem 2.6 Let
α > 0 and ρ > 0 . If f ∈ C 1 (I) and |f ′ | is convex on [a, b] , then f (a) + f (b) 2 − ρ α Γ(α + 1) 4(b ρ − a ρ ) α [ ρ I α a + F (b) + ρ I α b − F (a)] ≤ I α ρ (a, b) 4(b ρ − a ρ ) α (b − a) (|f ′ (a)| + |f ′ (b)|) ,(2.
14)
where
Proof Using Lemma 2.4 and the convexity of |f ′ | , we obtain
Observe that φ is a nondecreasing function on [a, b] . Moreover, we have
Hence, we obtain
Observe that Thus, we obtain
Similarly, we obtain Letting ρ → 0 in (2.14), we obtain the following result. 
